Legendre's conjecture states that there is a prime number between n 2 and (n + 1) 2 for every positive integer n. In this paper we prove that every composite number between n 2 and (n + 1) 2 can be written u 2 − v 2 or u 2 − v 2 + u − v that u > 0 and v ≥ 0. Using these result as well as induction and residues (modq) we prove Legendre's conjecture.
If w is an even number so w = 2v otherwise w = 2v + 1, so:
Substituting q by u − v, we will have
, we assume that u + v = 2x − q + A, A is an integer.
where p is prime, A ′ is an integer and m > 1 should be defined earlier in the paper.
Notice: According to the hypothesis of induction there is at least a prime between all squares less than (
Proof: we consider two equation as
For (x − m) 2 − j to be the prime number in a specific j = j 1 , 1 ≤ j 1 ≤ 2x − 2m − 2, q should be equal to 1.
in which p is prime, and also
Lemma 2.6 If f to be the number of p > x are in x 2 − j ′ = t 1 p that these numbers are odd and 1 ≤ j we continue this method to reach 1 − 1/9 − 1/15 − ... = 0.
Proof: If p > x and x 2 − j ′ = t 1 p to be odd, since 1 ≤ j ′ ≤ 2x − 2, so (x − 1) 2 /q ≤ p ≤ x 2 /q, in which 3 ≤ q < x. Since the distance of between two primes should be at least 2, so (
If q = 3, the number of such p is:
, we continue this method to reach, 1 − 1/9 − 1/15 − ... = 0.
The Proof of Main Theorem
Theorem There is at least a prime between (x − 1) 2 and x 2 .
Proof: Let we have at least a prime between all squares less than (x − 1) 2 . By induction, we prove that, we have a prime between (x − 1) 2 and x 2 . Assume that this is not true, so we can write x 2 − j ′ = lq, i.e all numbers in interval (x − 1) 2 and x 2 are not primes. Since 1 ≤ j ′ ≤ 2x − 2 so according to (Hardy & Wright, 1964) there is a prime factor like q that for any composite number in interval(x − 1) 2 and
Note: If a number in interval (x − 1) 2 and x 2 like T is not prime so T has a prime factor like q that q ≤ √ x 2 − 1 < x. In this section we assume that j ′′ = − j 2 + h that 0 ≤ h < q and 1 ≤ j ′′ ≤ 2x − 2, notice that for each number x 2 − j ′ , there is a corresponding divisor q. Now we start to prove main theorem: concluding from lemma 2.3, − j 1 + j 2 − A ′ + p = 0, we can rewrite below equations:
a, b will be determined later.
By substituting the above equations into − j 1 + j 2 − A ′ + p = 0, we have: We assume that j ′′ = − j 2 + h, in which −b ≤ h ≤ a. So j ′′ − ( j 2 + 2(m + 1)x − (m + 1) 2 ) ≡ 0 (mod q) that 2 ≤ q < x
